For Reference 


NOT TO BE TAKEN FROM THES ROOM 


Gx apnis 
UNIERSTTAAIS 
HABEREAEASIS 


oa a 
mae 


| ) 
are 


ne | 
; i. a) 
s ? | 


sie ol 


Digitized by the Internet Archive 
In 2023 with funding from 
University of Alberta Library 


https://archive.org/details/Gauthier1973 


THE UNIVERSITY OF ALBERTA 
RELEASE FORM 


NAME OF AUTHOR : Luce Gauthier 


cist Pee etre Test of Resonance Recognition 


Criteria in Potential scattering. 
DEGREE FOR WHICH THESIS WAS PRESENTED ; Ph.D. 


YEAR THIS DEGREE GRANTED : 1973 


Permission is hereby granted to THE UNIVERSITY 
OF ALBERTA LIBRARY to reproduce single copies of 
this thesis and to lend or sell such copies for 
private, scholarly or scientific research purposes 
only. 

The author reserves other publication rights, 
ana neither the thesis nor extensive extracts from 
it may be printed or otherwise reproduced without 


the author's written permission. 


- 
- a 7 
: - M - ait 
, 


hy ree» 
‘a a Ap 


1 to er raxesitr 30 gaTTT 
esse iit fi sirotis® 

YPT2AaVINU BAT of badnexp ydexed ei notaeimro4 

3o esiqoo sipniea sovborqet oF YAAAKII ATABAIA TO 

x0? esiqoo Mote Ife2 ro bael oF bas ateedt aids 

eosoqivg dors8Bey otitinetoe to yixsloroe yedeving 


THE UNIVERSITY OF ALBERTA 


TEST OF RESONANCE RECOGNITION CRITERIA 


IN POTENTIAL SCATTERING 


by 


@ Luce Gauthier 


A THESIS 
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES AND RESEARCH 
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE 
OF =DOCTOR| OF -PHLLOSOPHY 
IN 


THEORETICAL PHYSICS 


DEPARTMENT OF PHYSICS 


EDMONTON, ALBERTA 


yaw teal MERGES: 


atleast A 


HOMARASA GUA BATQUTS STAUGATO JO YTAUDAT GHT OT GaTTIMavE - 
SAAD BHT SOF STMGMAALUOAA BHT FO THAMAITGIUY JAITAAT WT 
YAIOZOITHT IO AOTOG YO i 
| wt 
@0l2YHI JADITSAOSHT - 
- 


 gptevaa 30 THaMTaagaa 


7  APAGATA ,voTMOMaa 
evel JdAa 


THE ®UNDVERSITY OF ALBERTA 


FACULTY OF GRADUATE STUDIES AND RESEARCH 


The undersigned certify that they have read, and 
recommend to the Faculty of Graduate Studies and 
Research, for acceptance, a thesis entitled TEST OF 
RESONANCE RECOGNITION CRITERIA IN POTENTIAL SCATTERING 
submitted by Luce Gauthier in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy 


in Theoretical Physics. 


: Us 
, _ » 
: oh ue 
ae oe See 


Re itis gee ae 
. roma’) “f ip ios — en sil ore 7 


Ro siomititivt Isiztsq ai xoidtusd spud yd bedd lads a 
yiiqo2zolidt to 103900 To estpsb ond tot etnometiupst oft 


’ 
 —_ _ 
- a <i 


=< 


i 
, s 
a 


ABSTRACT 


The resonance recognition criteria are tested 
in three different soluble models of potential scat- 
tering. Exact solutions are obtained for the partial 
wave scattering amplitude in the single as well as in 
the two-channel cases. Resonances are forced in those 
models and resonance energies are determined theore- 
tically through the definition Re det[D] = 0, where 
det[ D] is the Fredholm determinant. 

Thesvalues of Im Foye |Faal: vel aa (Fay being 
the elastic channel scattering amplitude) and the 
elasticity parameter yn (where applicable) are obtained 
both for the un-coupled and the coupled cases. The 
resonances are then identified through the criteria 

a) max Im F 
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ii) max | Fay! 


iii) max vel Faye where vel Faia is the velocity 


ene on the Argand diagram; 
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The resonance energies are then compared with the theo- 
retically defined location of resonances. 


Le 2s tound that the max im EF and max [Fail 
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Criteria produce by and Large the most accurate reso- 
nance energies while the max vel Ful criterion works 


better as signalling the presence of resonances though 
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the location of resonance is usually not accurately 
predicted. The results on the min n criterion are 
dL Eicitkbwto conc bude chutpesugqgesit cchatant mught the 
interesting for the study of highly inelastic 


problems. 
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CHAPTER. 


Introduction 

During the past decade or so phase shift analysis 
has become an increasingly important tool to analyse ex- 
perimental data on two body particle scattering. The 
method endeavours to find the partial wave amplitudes 
at a given energy to fit the data on differential cross- 
section (and polarization if applicable). These analyses 
have proved very successful in allowing recognition of 
resonances which were not seen on total cross-section 
plots (Donnachie 1968). However phase shift analyses are 
neither simple norin general unique since more than one 
value of the phase shift, 6, and the elasticity parameter, 
nN, can successfully fit the data (Salmeron 1970). Once 
an ambiguity free analysis has been done one has to define 
resonance recognition criteria in order to identify 
resonances. 

The criteria (see the following section for 
details) are generally abstracted from the study of the 
Breit-Wigner form of the amplitude. The main criterion 
is that the partial wave amplitude should trace out a 
counter clockwise circle in the complex plane (Real part 
of the amplitude vs the imaginary part of the amplitude) 
as the energy is increased (Murphy 1966). The location 
of the resonance is then known through one of the follow- 
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where F is the partial wave amplitude. 

In view of the fact that the energy assigned to 
a resonance may depend on the criterion used it becomes 
important to know the reliability of these criteria. 

One way to do so would be to set up soluble models for 
two body scattering in a given partial wave and test the 
resonance recognition criteria against the theoretical 
definition of the resonance. 

Very few such tests have to our knowledge been 
Carried out. Collins et al. (1967) have shown the 
failure of the max ImF criterion in a specific Veneziano 
model. Phillips and Ringland (1969) who have done a more 
extensive study with a similar model, have found that 
for prominent resonances all criteria were working well 
while for overlapping resonances only the velocity cri- 
terion was consistently good. 

The purpose of this thesis is to present soluble 
models of potential scattering in the eoupied channel 
case and test the resonance recognition criteria in these 
models. The details are presented in the following sec- 
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The partial wave scattering amplitude 


It has been proven that for potential satisfying 
the constraints 


1) Local, analytic and energy independent 
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the partial wave scattering amplitude P(E) Le ther lm ts, 
as a Piet fe, OL oe tUunCcclon P, (k*) which is a real 
analytic function in the complex k?-plane except for a 
certain number of isolated singularities, and that, from 
the requirement of conservation of probability flux, 

this function BF, (k*) must satisfy the unitarity condition 


in the physical region. 


Thus F (E) = lim Foe) aay 
Q 5 Q 
k > E+i€ 
* * 
WoeEe ilies = Fo (k* ) [1.2] 


and is analytic in the complex k--plane except for a 
certain number of isolated singularities, and 
im FS (e) | Fe (E) | 7 ie 
in the physical region. 
From property [1.2], there will be a cut for 
B, (k*) on the real axis except where the function is 
real. The discontinuity will be of 
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From property [1.3], unless the amplitude should iden- 
tically vanish there, the function will not be real in 
Ehespnysicalsreqion., elius,.crom [le2) and vl l.o17,, tuere 
should bé”akcutson .thetreal. axis of the k*-plane from 
Enreshola ctovinimnity and the,domain of analyticity of 
the function F, (k*) will be this cut plane, except for 
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isolated singularities or poles of F,(k~). The poles 


Q 
of F, (k*) Sor he E<0O, that is for negative energies, 


are the bound state poles. 


Domain of analyticity of the function F, (k*) 


k*-plane 
X represent bound 
E 
state poles. 
Threshold is at 


E= 0 in this’ case. 


There also exists an analytic continuation EM eale 
of the function BE through the cut onto a second kK? 


sheet such that 
F, (E+ ie) = F)(E oa ele si 


The required function F' (k*) can be found from properties 
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so that 
2 Im Fy (k*) 
BE’ (ko) v= +a F eval 
Fy (k™) 


Hieewanalytlc Sthucture on i (k?) on the second 


¥ 


sheet cangthus"be read of/from‘*eq.*[177]-. “The? bound 
state poles have disappeared but new poles have been 


created, corresponding to the first sheet Kk? values for 
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which F,(k“) = 0 and ImF,(k*) # 0. The poles of F, (k*) 


QR 
for Boss 0 on the second Riemann sheet define the resonance 


poles. 


The two-sheeted Riemann surface 


eZ 
lst sheet 2 2nd sheet Ike 


F,, (Etie)~ 


X represent bound state poles 


- represent resonance poles 
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Because of the Schwartz reflection property 
[1.2], the resonance poles will always come in pairs 
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and two poles on the second sheet correspond to those 
zeros. However, from condition [1.1], only the pole 
nearer to the real axis will have a physical significance, 
that is the lower one on the second sheet (Frautschi 1963). 
Mapping the two Riemann sheets onto the k-plane, 


Tees found, that since 


fe = r er 
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the first sheet will map onto the upper half of the k- 
plane (Im k>0O), and the second sheet will map onto the 
lower half of the k-plane (Im k< 0). 

Hence, from this dicussion, a unified definition 


of bound states and resonances has emerged 
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a bound state is a pole of ik) for Im k>0 and Re k=0 


[1.8] 


a resonance is a pole of Fy (k*) foreim <0" ae 


In the case of a multi-channel problem, the func- 
tion Fy (k*) becomes a square matrix and each of its 
elements can be analytically continued. fey cend will 


have a pole when one or many of its elements become in- 


finite fortsome value of ale The conditions [1.2] and 
* 

[1.3] will be generalized to F (ke) = FB! (,2 ) and 

Pee) rp tr) MEP {E)R(E) (Messiah 1964). 


When the properties [1.2] and [1.3] cannot be 
established because of a lack of knowledge about the 
matrix [Fo], they are always assumed so that the defini- 
tions [Loe | and [1.9] are always applicable and form a 


basic theoretical framework to describe physical phenomena. 


as Examples are knowned, (S-wave scattering through 
a central exponential potential) where only one pole of 
F.(k°) is to be identified with the bound state and the 
others are simply the left hand cut degenerated to extra 
poles. The poles of F,(k”) in the present thesis will 
be interpreted as the seros of the Fredholm determinant 
and the above difficulty does not arise. 
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Resonance poles 
Let us consider an element eke) of. the scatter- 
ing matrix LF J which becomes infinite for ken. a being 
a pole of the analytic function aa it is possible 
to expand this function, around q, in a Laurent series 
ig, (k*) +00 
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the coefficients an of negative index not being all 
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zero and by OK”) being an arbitrary phase. If the pole 
Le On Lirst order, aS 1) will) be assumed throughout, 


eq. [1.10] becomes 
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is the complex resonance energy, ke 


R and [(a) being real 


and positive. The radius. of convergence of the series 


will be equal to the distance between o and the nearest 
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enough from a, the expression [1.11] for Ea) will 


converge in a circle including the real axis so that 
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where £, (E) is the physical amplitude. Expansion [1.13] 
will be valid only for well isolated poles and the poles 
of £)(k*) which will not meet this condition will define 
resonances which will not necessarily be experimentally 
observable (Newton 1966). We shall exclude from our 
study the consideration of resonance multipoles (Coleman 
1969) which is merely a refinement of the theory to allow 


for the observation of two or more closely spaced resonances. 


When the poles are sufficiently isolated to allow 
the expansion [1.13] for ively a resonance will thus be 


reflected by the following form for the physical ampli- 


tude 
ig, (E) es 
e aur) Tk (Uy) es 
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Using this approximation 
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1963), or more precisely 


a becomes 


(ee 6] 


real parameter ae 


in eq. 


formula. 


By (E) 


[1.14], we get 
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The resonance 


width is defined by the parameter [ and the condition 
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£Sethe conditions£or narrow resonance. Under this 
condition 
a 

a : M(kp) 

es tee hay ae 

ke 2kp 
and the resonance energy is a = na = ER: 

The quantity A_ig? the residue of Eee) at the 
pole, can be complex. Its norm will be related to the 


elasctic and the reaction width. The quantity B.(B) 


y 
represents the non-resonating background and will some- 
times vanish. 

Hence a resonance, defined as a second sheet pole 
Oleet: (eo) produces a physical amplitude which has a 


i 
Breit-Wigner shape whenever 


1) the pole is sufficiently isolated abe ee 
19) and the resonance width sufficiently 
narrow . Ple2 | 


Resonances which do not satisfy the first of these 
two conditions may not be resolved and therefore may not 
be observable. For broad resonances, when the second 
Gonditionprs not met, bt »ts..an open question ppb nota 
basically insoluble problem (Burkhardt 1969) to know 
how to define their parameters. The definition of the 
resonance energy used in the present thesis is given 
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Resonance parameters 

Since only real energies are accessible to 
experiment it is necessary to reformulate the defini- 
tion of the parameters of a resonance through conditions 
on the real k? axe, stiat.1s)-on FO AE) rather than on 
F)(k*). This can be achieved consistently by requiring 
that the conditions imposed on FY (E) to produce the 
Breit-Wigner formula [1.18], define the resonance para- 
meters’; 

Among the possible expressions for FY CE) in the 
neighbourhood of the resonance energy, we will choose 
to use the N,/D, representation for FO CE) and to expand 
Re Dy (E) around ER in a Taylor series. (The subscript 

R wilh) snew—be~dropped--to-simplifyethe-writing..)—Writing 
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where N(k*) and D(k*) have the following properties (de 


Alfaro and: Regge 1965), (Goldberger and Watson 1967): 
a) gees: has only a left cut; 
b) D(k*) has only a right cut and has simple zeros 


at the poles of F(k*) ; 


c) N(k*) = 0 as |? | + © ; (ato 4 
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e) D(k*) is, real, for ee 0; 
£)) N(k2) is real for ke greater than the energy 
Of ene scut = 
N(E) 


one obtains F(E)= + background terms, if any.[1.23] 
Dt Er 


The background terms will arise if conditions [1.22] 
cannot be met to satisfy eq. [1.21]. It has been proved 
that the representation [1.21] for F, (k*) is possible 
for local potential satisfying the conditions on page 

3 and the conditions for separable potentials are laid 
Out in Bertero (1968). 


Around the resonance energy, eq. [1.23] becomes: 


the (E) = cali i +B(E) 
res us . ; i 
Re D(E,) + (E- ER) cae aaa ss + & Im D(E,) 
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provided that the higher order terms of the expansion 
for Re D(E) and Im D(E) are negligible. The background, 
if present, should of course be a non-resonating func- 
PLO Ober. abound ER: 

To get the Briet-Wigner formula [1.18] from eq. 
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Thee condit trons [1.25], and [1.26] shall thus be taken 
as the defining equations for the resonance parameters. 
When the approximation Im D(E) = Im D(E,) se 
not possible, that is if the resonance is not narrow, 
One. stLRBiwnas: 
N (E) 


£6. = + B(E) 


4 a OBRe 1D (E) 
R 


which through eq. [1.18] allows us to define the reson- 
ance position by 
Re D(E.) ae aoe 


The following definition will also be taken for the 


resonance width, namely 


Im D(E) LED eee 
d~Re -D(E) 2 . 
dE é 
BR 


Those two conditions will ensure the presence of a 
second sheet pole the real part of which will define 
the resonance position. 

Before going into the multi-channel generaliza- 
tion of the definitions [1.25] and [1.26], let us see 
what they imply for the phase shift behaviour when this 
parametrization is used for the amplitude. Consistent 
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Hence, at resonance, the phase shift must pass 


through 1/2 (modulo 1), from below. 


Eormaimulti—channel problem, the definitions [1-225] 


and [1.26] are generalized to (Zachariasen and Zemach 
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Re det [D(E,)] = resonance energy [rs30)] 
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and each element of the matrix [D] must satisfy condi- 
tCLone Thee2o)l and [ld .22el. {Bjorken, 1960)... athe defina— 


PlOpe i. | shouldgbe (changed to 


Im det [D(E) ] mle) 0 
d Re det [D(E)] Dre) 


dE Ep 
for a broad resonance. 
Each element f£(E) of [F] will then have the 
form, 


Cle) 


Dae Api Ola ea iniene tll 


+ BE) 


where C(E) is a complex function of E and B(E) should 
be non-resonating if it does not vanish. The conditions 
[1.30] and [1.31] will generate the following Breit- 


Wigner formula 


C(E) 
d ae! |C(E,) | Pp 
ER io, (E) Im det [D(E,) ] 2 
ial Ue penne oe aaa ee Be + B(E) 
Be-2HadeN ats, E-E,+i-+s 
\ele 2 a 


where >, (E) Se tiesphaseaOlec (tr. 


Gra ae feeas 
m det[D(E, res 


will be identified with Po /2 (/T4 ee ee, Le ete) 


is a diagonal (non-diagonal) matrix element of [F], | 


and [ being respectively the elastic and reaction 


reaction 


WLOCH « 


bivode (4)4 bas 2 to nottonavt xolqmoo & ai (4)9 saedw 
enoidibnos of? .dainsv toa 2s0b +i 24 paidsnoezet-non ad 
=tie18 pritwollod sit stezensp fiw [16.1] bos 1Oe. LT 
siumso? 19npiW 
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Argand diagrams 


Experimentally, measurements are made on total 
cross-sections, differential cross-sections and polari- 
zation. The question arises: how does one recognise 
a resonance and determine its parameters? One has to 
set up some resonance recognition criteria and the clue 
to set up these criteria is the Breit-Wigner formula 
[1.18]. We will see how such criteria can be derived 
and it will be the purpose of this work to test their 
validity both below and above the inelastic threshold. 
Wemshall’ come back to this point later ion. 

. One of the ways to test data for the presence of 
resonances is through the Argand diagram for the partial 
wave amplitude. ce being a complex quantity, it is 
possible to represent it by a vector in the complex 
plane. As a function of the energy, the vector will 
describe a curve on this plane. This is the Argand 
diagram. Because such a plot requires the knowledge of 
both the imaginary and real part of the partial wave 
scattering amplitude, it goes without saying that in 
Bractice it is a difficult analysis to do (Salmeron 
1970). It is nonetheless a very powerful and thus a 
widely used technique. 

To analyse the special properties exhibited by 
a resonating Arganad plot, let Us go) back to the ex=— 
pression [1.18] for the partial wave scattering ampli- 
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2 2 
1S iy =e = a 
€ ( R ) Tr and A |a_,, (Ep) |F (ies 44 
tk 
eq. [1.18] becomes: 
io, (E) 
x Q A 
£) (E) =e ele By (E) [eto 
where A is real and positive and ¢, (E) = >, (E) + phase of 
a_ilEp) + T- 
Forpthen ones channed;, case wiromseq:; diz2J7deethis 
expression reduces to 
f, (BE) = ———+,—_ = -+, [1.36] 
(B- EL) (- =) =i 
ily 


andpeAn=— 0.8 Prom Cg. [1.5017 Poy/? = Pp/2. The func- 
tions b» (E) and By (E) are thus arising from the presence 
of reaction channels and are interpreted as a non- 
resonating background phase and amplitude for the partial 
wave . 

Because >, (E) and By (E) are unknown functions of 
energy, we will first look at the resonant Argand plot 
for the single-channel case [eq. 1.36]; we will then 
indicate what are the modifications to be expected due 
to the presence of reaction channels. 

Letting >» (E) = 0 and By (E) =) LNs eal ls 0 Ip 
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dbs, 


soy = So-+i SA = re f+ ime [1.37] 
Each. dl Earnie 


£,(E) = 


and Re f and Im f satisfy the following equation 


2 2 
BS ee ne ae £- 3) = 3) hee 


This is the equation of a circle centered at (0, A/2) 
and,oL radius A/ 2. 
Sel / 2, toner ey 


As the energy changes from E 


R R 


6 GOCS es  LTOM c= Fl to © = <1, eq. [1.34140 and the 
vector representing the partial wave amplitude des- 
cribesrapidly an arc in a counter clockwise direction 
OUethnemupper ehall pant, ofthis circle! = 1his chnaracter— 
istic of the resonating Argand plot serves as a main 
criterion to detect the presence of a resonance. 

For one channel scattering, since A = l, the 
Circles 1s unitary and: ILes jentarely in the upper halt 
part of the complex plane, its center being at (0, 1/2). 


Resonating Argand diagram for single channel scattering 


arnt 


, 


ree. fi °& = Pigs agree on) 


(S\A ,0) ta bexsiaeo sloxio 5 Io neitsipe sit ei eidT 
.S\A emibss to bas 

sSXT'+ g8 oF S\I = ga moxt-eopasto ypzans eit 2h 
and bis ,(hE.1] -po ,[- = 3 otf [+ = 3 mowt a990—8 3 
-esb shusiiqnms ovew (sitisg os puitneestgsi tosoav 
noisosxib setwXsols zstnvoo « ai ox as ylbiqsteedixo 
-ysdostéeno sift .sfoxto eins to t1isq tisd tsqqu edt oo 
afem 6 es esvtse Jolq BoseprA pritsnozex st to sitet 
.Sorsnoesi 5 to sonsestg ati tosteb ot aoiztes i219 

sft ,1 =A eonts spritestsce [snnsriod sno 10% 
tisd xesaqu sd3 mt yvieaktns esil fas yisetias et slouwts 
-(S\f ,0) 35 pated a6tnso eti ,2nsig xelgmo> eft to t18q 


paixosisse [ofidsdo sipnie 103 mexpsib baspxA pakssaoeeA 
‘pee 0=3 


20 


When. reaction, channels. are present such that 
the background functions do not vanish, the resonant 
circle will be rotated (, (E) # 0), and its center 
will be displaced (By (E) 7eO emp Tiethe functions o, (E) 
and By (E) are not slowly varying in energy, the circle 
could also be distorted. The hope is, of course, that 
the background phase and amplitude will be slowly vary- 
ing in comparison with the variation in energy of the 


resonance amplitude (Donnachie 1970). 
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Resonance recognition criteria 


A main criterion for the existence of resonance 
has thus been derived from the properties of the Argand 
diagram for the partial wave amplitude. Other criteria 
are also actually used either in connection with this 
one ordindependently?, The hint “for “therm derivation 


lies once again in the Breit-Wigner formula [1.35] where 


one assumes that >, (E) = 0 and By (E) = 0. 
One has 
by Bases 
eras Ne) mee a be 
and e=0 at E=E From eq. [1.34] iat dy pla [2.40] 
R° : dE ara ; 


Fromscecs. filsoole and [l.40)% (0OUl-O. tnieecil reba ad 
actually used (Plano 1970) to specify the resonance 
parameters can be derived. We shall consider them al- 


teérnately. They are: 


at resonance i) Im £, (E) is maximum 
ii) |£, (E) | is maximum ee sy 
1 it )eches Velocity. or £ (EB) on an Argand 
plot is maximum 


iv) the elasticity parameter is a minimum. 
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i) At resonance Im £, (E) is maximum; 


Brom eqs. etl. seojeand 11.40) 


A 


Im f (E),= [12424 
2 res Ree 1 
deimieé (E) 
4,5 — = __A£5_, = 0 ate ih = ER [1.43] 
[ple +Wwi) 
fe am Fees) * 
5 == ay < 0) 1 [1.44] 
dE E Pr 
R 


SO, thatertrom eq.) (1.42), the function im £, (E) will 
exhibit a Breit-Wigner shape near resonance. From 

Ss. thle )andell.44)) the point Lor which the, function 
will be maximum will define the resonance energy. At 
half height of the peak, from eq. [1.42], ge 1 and 

E = ER ee Tp/2 peSsOs Lhatechoswhath Of ethic peated eiada. 


height will specify the resonance width. 


ii) At resonance |=, (E) | is maximum; 
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she lie (E) | 
o,TES nce, SBherg wi [1.47] 
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Hence, at resonance, there will be a peak of ie around 


| 
the resonance energy. The maximum of the function will 
define the resonance energy. At half height of the peak, 
the width of the peak will be equal to V3 [,, since from 
eq. [1.45] e* is then equal to 3 and E=E,+ V3 ai 

iii) At resonance the velocity of £, (E) on an Argand plot 


is maximum 
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Hence, at resonance, there will be a Breit-Wigner peak 
OLe vel £,(E). The maximum of this function will 
specify the resonance energy while from [1.49] the width 


Of the peak at halt height will define the resonance width. 


iv) At resonance the elasticity parameter is a minimum 
This fourth criterion is a little less general 
than the previous three since it can be applied only to 
the study of the elastic partial wave amplitude. It is 
based on the following parametrization for £, (E) namely: 
Bh 


£, (E) = ey) 


where No and , are real and 0 < Ne uF Ay Gee (ie S31 


Ne is a measure of the amount of inelastic scattering 
taking place and is called the elasticity parameter; 


for one channel scattering, from eq. [1.27] 
= 1 and a, = 6 ‘. [i-54] 


The existence of the parametrization [1.52] for 
the elastic scattering amplitude has been shown for any 
two channel problem governed by a symmetric F-matrix 
(Dalitzt1i962)4 Alt, satisfies* the®unitarity- condition 


iues}] on F(B). Because any n-channel problem can be 
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reduced to a two-channel one through the definition of 
an overall reaction channel potential, the parametriza- 
tion [1.52] will always be possible for an n-channel 
problem. The only limitation in that case being that 
the parameter No is a measure of the total inelasticity 
and says nothing about any individual inelastic channel. 
Obviously, this fourth criterion will also not be appli- 
cable to single-channel scattering since in that case No 
is constant as we have seen. This having been said we 
can now proceed to its derivation. 
Frombkeqe [i .52) 

~2105 . 
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ax ih 
= {4|£, (E)| - 4 Im £, (EB) + 1} . 


From eqs. [1.42] and [1.45], near resonance 
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2 
Oy | ee € 
ae = —-|4A(A-1)|——- —m—s——35 = 0 at E=E (Yo 8) 
dE : 
iit Aone boalg fe : 
ge 
eal 8 
| Ani pat] SwOVe [ax 59] 
dE“ |p Pp 
R 
Hence fromeq.@ (4. 56] the function ne will behave 
like an inverse Breit-Wigner peak at resonance. The 


maximum of the peak, that is the minimum of ne Or Of Nor 
will define the resonance position and the width of the 


inverse peak of ie will specify the resonance width. 


het us recail that the critteria li.41l were derived 


a) from a Breit-Wigner formula ele Gi0)| 
b) for the special case >, (E) =0 and 
B, (E) S70. 


Those two conditions impose severe limitations to the 
proofs given and restrict considerably the domain over 


which the criteria will be strictly equivalent to the 


definitions of the resonance parameters by eqs. [1.30] 
and [1.31]. In the very special case where 
£.(E) =f (oa [1.61] 
Q ~ ~“% res et ; 


the criterion for energy and width would be exact, since 


eq. [1.61] satisfies the two conditions [1.60a] and 
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fu, OUDI | Besides this very artificial Situation, there 
Ls another one for which the two fireticriteria will 
specify the resonance energy exactly but for completely 
different reasons: it is the one-channel case. We have 
seen that the partial wave amplitude for the single- 


channel problem can be parametrized as [1.27]. 


l cotg Oo ti id, 
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and that at resonance Sop = 71/2 (modulo t). Let us now 
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apply the criteria to this amplitude. 
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Hence for the special case of single-channel 
SsCatltering the first two criteria will specify the 
resonance energy exactly. On the other hand, the 
definition of the width of the resonance [eq. 1.26] 
is accomplished only if the partial wave amplitude is 


identical to the Breit-Wigner form i.e. 


£) (E) is (E) = 


Qgres e-1 : 


This in turn is possible only if the terms of order a 


and higher in the series expansion of the denominator 
function in powers of E vanish. For narrow resonances 
these conditions will almost be realised but not for 
broad ones. 

The resonance recognition criteria have been 
abstracted from the study of very special cases and 
would be of no practical use if their domain of 
applicability cannot be extended. The hope is, of 
course, that 1t can be done. 

Whether the resonance is narrow or not the reson- 
ance energy is given by the condition Re det|D]= 0 
[eq. 1.30]. This, we have adopted as the theoretical 
definition of the location of the resonance against which 
the resonance recognition criteria are tested. The 
resonance energy defined by the condition det[D]= 0 
would differ from our definition, particularly for broad 


resonances. 
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Aim of the work 

From “the -preceding fditscussion brewers "clear that 
the resonance recognition criteria are based on a 
Breit-Wigner form of the amplitude and that some of 
the criteria work exactly for elastic single channel 
scatterrmng. Sit fis not clear“that’ the "er@terta ‘wird 
work equally well when other inelastic channels are 
open. The phase shift analysts however continue to use 
the criteria in the hope that they are still valid in 
presence of inelastic channels. 

The aim of the present work is to set up exactly 
soluble models for two channel two body scattering and 
define the resonance theoretically. Then test the 


different criteria and see how well they work. 
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VOlWt Don VoL) the general two-channel model 


Before solving any particular problem, let us 
first find the general form of the F-matrix for a two- 
channel problem; we will consider %-wave scattering 
and separable potentials. This general problem will 
contain all the particular cases that will interest us 
later on. We will thus solve it in some details and 
-will always refer to it to obtain, by direct atpetreution, 
the solutions for the particular potentials considered. 
The coupled Schrodinger's equations for the pro- 


blem are the following ones: 
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and where it is assumed that Sin = 991° 

The equations [1.63] and [1.64] represent the 
scattering of two identical spinless particles of mass 
my in channel one. Channel two contains two identical 
spinless particles of mass M5 « The choice of masses is 
to be made so that the non-relativistic approximation 


be valid. Schematically this scattering can be represen- 


ted by the two following diagrams. 
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Let us now solve [1.63] and [1.64]. Using [1206] 
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Assuming, as required physically, that there is 
an incoming wave in the first channel only, the solutions 


OneeCqs.. 1L.06)]/ >and [1.69] scan be written. as 
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And from the definition of the scattering amplitude 
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The [IN] [p72] representation for the F-matrix 
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In order to be able to use the preceding formali- 
one must define san ’N-matrix’ and a”"D-matrix such “that 
[N] [p71] (see paragraph after eq. [1.31]) and that 
conditions on the elements of [N]and[D]be met. From 
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Q have the analytic behaviour required for the 


elements of [N] and[D]. 
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Techniques 


Now that an explicit IN} [p73 solution—for—the 
two channel F-matrix has been obtained, we must find 
some potentials and 2-values which will allow resonances 
to occur and for which it will be possible to perform 


the vintegrations (i. 84] and (1.65) for G. We have 


On 
considered the following ones for which we have obtained 


analytic expressions for G, 


a: 
a) ve Wms itr pan’ ; L. = 0 

b) v(r) =e" ; 2=0 [1.95] 
c) Vv Gis ae ' (e—-eor 


Because we have proceeded slightly differently in 
each of those cases, we shall explain later on, in grea- 
ter detail, how the coupling constants have been 
determined and how eqs. [1.30] and [1.31] have been solved 
for Ep andere. 

Having obtained the expression for the scattering 
Matrix the IBM 360-67 computer at University of Alberta 
was used to calculate ImF,,, Fails vel Fy and n over 
an energy range including ER: We have restricted our 


studyactos thesr matrix-element, that is to the scatter- 


dl 
ing amplitude for the elastic channel. ImF,,, Fil 
and thus n, were calculated through their exact analytic 


expressions. However vel Foi was calculated using the 


formula 
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PG 


where a and b represent two successive measurements of 


Ful and*s. 
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is more suitable than d6/dE to analyse experimental data 


(Phivltps wands Ringland=1969). 
is not distorted, the two procedures 


the following diagram). It was then 


When the resonant circle 


are equivalent (see 


possible to™apply 


the four criteria to find the resonance energy as defined 


by each of them and to compare those values with the 


theoretical one. 


Resonant circle showing the equivalence between 
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A. S-wave scattering from a é6-function potential 


The first model that we have chosen to look at is 


specified by 
MAGE), SEG Geee Uh Ye=0, P2A 


In this case the separable potential becomes 
local. In the case of the §-function potential reson- 
ances, can,.be,produced.ini2.= Opstate; for.bothapesitive 
(repulsive potential) and negative (attractive potential) 
strengths-eof thespotential.~(McVoy», 1967) .<{ Focathe.d- 
function potential with a positive strength one obviously 
has a trapping mechanism to generate standing wave pat- 
tern inpthe-reqions0s<ar <ha.e:Hor,appotential with 2 
negative strength, the rapid variation of the potential 
at r = a imparts violent enough velocity change to the 
wave function to produce the right boundary condition to 
sustain a standing wave pattern. 

The problem now is to determine the coupling 
constants which will allow those resonances to occur. 

The procedure is as follows. Setting Gio = O and Goo= OF 
one first looks at the single channel problem. Requir- 
Mogmcliatathescond clones) b.2o))tyal. o2O mecca O1epae | deo 
be satisfied, a domain of the plane (S44 vs kK?) over 


which a resonance can be forced is determined. A 
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particular choice (Sys ao is then made such that for 


this one channel problem (Saye a = (Gyy. ke) where 
i is the .resonance energy. Switching on the coupling 


to the second channel, a S12 value is chosen to produce 
an appropriate shift of the resonance position. The 
computer is then used to calculate the new resonance 
energy and width. This concludes the first part of the 
work. One now knows ER and I for the single channel 
and the two channel problem. The shift of the resonance 
due to the presence of a reaction channel can be evalu- 
ated and the resonance recognition criteria can be tested 
using the method that has already been described in the 
first chapter, This is the second part of the work. 
Before looking at the single channel problem and 
Starting the fanalysis that has just been) outlined jAlee 
us first evaluate the integrals [1.84] and [1.85] for 
the Gio functions and find the N and D matrices for the 
special case defined by [2A.1]. 
Substituting 2 =gO,av(r) = 0(r—a) “and v (ei )a= jo (ra) 
in eqsj [{1.84J—-and—[1..85]-.-and usang-—eq.—[-/3J—one igets 


The 


Hes == | [sin kr .e . ° §(r'-a) 6 (r-a)dr'dr 
0 


al ” F ace i) 
= jaa | Sit k x 6 (r-a) | e % é(rt=a)dr‘dr — 
0 6; 


iL f a Aas phi 7 
- | e z § (x-a) Jsin k,r'o(r'-a)dr'dr 
can) 0 
lea 
el EY Ke soni (2A eet 
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so that 
P . 
sin 2k.a Sin, kia 
Re Gay = - ak and Im G Pena for real k 
[2A.3] 
From eq. [1.85] 
é 2 Maa 
6 (r-a) sin k x dr sin k,a 
a en -k, [| si k.r a ry eae a 
0 wh a 
POM eo Omeandial iso anda 2A een ches | ee coal 
TD, : F 
g,,s1in kja Jj> Sin k,a sin kya 
a De I 
N = 
J, 7Sin kya sin kya J55Sin kya 
fo — . k 
vk, vk, 2 
(2A .5] 
ikja ik,a 
1+g, sin kja e J) sin kya e 
k ee 
a V7kKjk, 
D = 
ikya ik,a 
S49 sin k,a e 1+ 955 sin kya e 
k 
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One channel problem 
Letting I55> 0 and J12= ODN 2ZA.ol, «Lea. o.) and 


[2A.7], one gets: 


ere 
9) sin ka 
pea jae [2A.8] 
ika 
Ie Gans tiieivas e 
a dbl 
eet SSeS ae [2A.9] 
Sin'ka 
eS ; [2A.10] 
er Sin ka _ika 
1 ae k 

From.eq.; [2A.9] 

T : a2 

t 9, Sin 2ka J, Sin ka 
oe ae as hee aM te [2A esis 
dike D i. PA Re DF YO diz (2ka cos 2ka-sin 2ka) 
dE 2k Cdk 2k | 54,2 
gt, alk) 
= + 3 . eA | 
4k 


To gatLisiyvyecondatLon-Lla2o].- one mustehavetResD =nht' or 


2k, 


9i17>7 Sin ak,a where k= VE, and E_ is the resonance 


R 


energy. (2A 
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TOU Ssacisty condition s[l.26), one must: have 


Im D = q sae 
#0. Re D é ‘ 
dE ER 
Ot 
PT reps Ake ei nekea 
4k ss —— Tk = = 5 > = > a (k,) Sw h, tereoy 
ER R 


The following graph shows the regions where it 


is possible to have a resonance according to conditions 


PE colmand® [e261 


The heavy lines represent 
the potential strength 
and energy values for 
which a resonance is 
possible. 
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determined by the rela- 
CLon a (kp) = 0. 

The values of 9, 4 are 
given by the relation 


9114 = -2ka/sin 2ka. 
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The behaviour of the phase shift is as follows: 


sin ka 


1l+g,,.a—— cos ka 
ka cotgé=ka + $s ____ [2A.15] 
ae q sin ka 
211 wea 


and as k+0 one gets 


lim ka CoOtg Ge aa Sal 


LO 7a [2A.16] 


Ssoethatiior 9412 >Q and 9442 <-l , the two regions where 
resonances are possible, ka cotg 6 starts negative. 
Let us sketch the shape of ka cotg6 in each of 


those regions. 
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In order to draw the graph for the phase shift 
with respect to k, we first find the number of bound 
states possible in the model. We have seen [1.9] that 


a bound state is defined by 


D(E) = 0 DOU [2A.17] 
that is 
Ik sp sie ein ually ygs) g,,Sinh’ Ka 
Ba nl ol oslo napa AE 


There will thus exist bound states for 


2K,a 
are De a a [2A.18] 
B 
Ke 
where we have set K = Kye the binding energy of the bound 


Slacer. 
The following graph shows the bound state region. 


One can see that there is no bound state for 94 8°? sails 
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SincesD (2) kel wand D7) zo With, Cou. trom 


Z> © Zacr 
Levinson's theorem 6(0) = Na where N is the number of 
bound states. For 9,38 <-l there will be one bound state 
possible so. that 6(0) = ia. sFor J) a> 0 there is no bound 


opts etch Sohe les eR Py Ae 


The following graphs show the phase shift behaviour 


with respect to ka. 


x indicate resonances 


As was previously seen, the passage of the phase 
shift through 1/2 (modulo 1) from below, will produce 
a pole of £ (k7) on the second Riemann sheet and hence 
a resonance. A resonance will thus be possible for 
9,127 0 OLeLor J, a< 7-1 when the conditions previously 
mentioned are satisfied. There is no resonance possi- 
ble for -l<g,,a8 WES 

To find the numerical values for G12, some k= 


values were picked in the intervals where resonances 
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possible (see diagram on page 44), both for positive and 
negative 94 2 and. the corresponding coupling constant 
9,34 were calculated from eq. [2A.13]. The results are 
Shown in table 2A.1. The parameter b was set equal to 
1/3.2 to simplify the calculation and a was left arbi- 


trary. The following transformations were used: 


In terms of Shee kp and pb, eq. [2ZA.13] reads: 


q 
hia Dams at ees oo Ware ° [2A.19] 


Table 2A.1 
Resonance positions and the corresponding coupling 


constants for the single channel case 
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Two channel problem 


From eqs.([2Av7], [2A.5] and [2A.6] we can write 


BOR 2G1llad2qe “J2n2d pn Yon) 
iit det [D] 


ae 
sin kja 2 
B 9p) ono; hte (Sig 19 7555 ves 
F = : : x 
ed ikia hi Geere 
, ili , 2 
1+g, Sink, ae 95 ,Sink.ae 
ae ae eae Dab aka os aes ce 


x Eo bina © Denis See Pa [2A. 241 
Sink,a Sink.ae e 


ae ie oe ee Aes ated a 


where 


ee ee Ke ; [2A.22] 


For simplicity we shall let G5o= 0; a.e. no elas=— 
PbewoOtentilaler: Chanhiele 2.5 er romeqs. Mil. sU lim Leo sary 
[2A.3] and [2A.4], the position of the resonance is 


determined by 
Re det [Dj] ,.=)0,.=.14 
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Choosing a Jil such that there is a resonance in 
the Single channel case for a certain value of k = Kpr eq. 
P2ne2o fb ror oe 7 0 will then define a new position k= Kip 
for the resonance which will be shifted because of the 
presence or the reaction channel. “The threshold energy, 
Ke, is so chosen that the resonances could be generated 
both below and above the inelastic threshold (see diagram 
on page 44). By trial and error the value of the inter- 
channel coupling constant af, is determined so that there 
is a significantly noticeable shift in the resonance 
position as a result of the channel coupling. 


Using table 2A.1 as a guide we have thus taken 


Ope 564) the values given in table 2A.2 and the computer 


was used to calculate ite = ER £rom eq 3. (2A 423] ef0r 
ae = 0 and 515 = 16. The results appear in table 2A.2. 


It can be seen that for large enough ce ae two resonances 
are possible in the energy range considered. This was 
expected (see diagram on page 44). 

The width of the resonances for the single and. 
the two channel problems (see eqs. [1.26] and [1.31]) 


was also calculated in the following approximation: 


T _ Im det{b] | _ : 
aces ated. Revdet| Dd 
Pn ge CD a feet ; 
R ER 


ibe ah 


% b a 
~ [Re det[D Si Re det(D] [2A.24] 
Im det(D]}, [Im det [D]}_ 


Bagi t 
.¥ptans blo ae c “Lerinedo noisoser eds to, comseezq 7 nm! 
bedsrsase ad bluoo appmsmpaes ony dois repel ce aR egt || 
msipsif 958) bloreoxrtd at: ot evods bas woled Z 
~teini Sit 30 sufev edt Yorrs bas Istxt ya «(Bb esq 10 ‘ 
etsit Jedd o2 Bbanimressh ek ete jnstenos pritques Leansdo a i" 
ebnancess sft ai Stide eldssoiton yisasottinpis & at ie 


7 
> 


7 aaa 1) 
-poiftgwom fLenasdo oft to ticesx 5 es soiskeoq 7 7) 


nsvet eunt sved ow ebivp 5 es L.AS eldest patad 


~ 


~edyqno> eft bas S.AS sides at nevip asutsv ort re xo0t 
| | . | oer? Te 

tot {€8-AS] .ps movi (3 = [A stsluotss o¢ bose sew >) 5 
/SVAS Sftisd ni x68qqs afloes1 sit .al = ete Sip 0 = sie : z 


Ssonsniossx ows , ri re dpuons episi rot teds nsse od aso aT 7 


aw aidT .Serebianos spns1 voisns 93 wi sidteaog 918 ; 
by (ae , 
- (bb spsq no msipsib 98a) hesosqxe. 

sy 


‘bois ofpaie sdt 103 esonsnoesr edd io dtbiw dT —_ 
(L£€.0) Bas [eS.1] .eps 992) emsldorg fenasds owd edt i. 
;toissmixoxggs patwolfot edt ni Sstsivolso cals esw 1) 


Da 


where a and b represent two successive measurements of 
Brand (Ree dee (D] /imedet![D] )RY The results®aré: shown- in 
table™2A .3¥% 
lable l2A.zZ 
Resonance positions defined by Re det[D] =0. 


For the two channel case gi5= 16 and ies 11.56. E.=k : 


24S PMs banat FACILE 
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Er between Eo between foe 


coupling 


Note: Ihe values of a are slightly different £rom those 
of table 2A.1. The resonance energy could have been de- 
termined more accurately but it was not considered neces-— 
sary to do so since the resonance energy was shifted in 
the two-channel case by an amount much bigger than the 


MNGCertcalnicty Limits OCatlon. 
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Fu) > and eq. [2A.14] 
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For the two channel case ap 2 16 and nes P56. =) cis 
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Resonance widths) defined® by i = 


change in ['/2 
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oT one channel two channel under the coupling 
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Note: The large changes in width under the coupling, for 


aa = 8.17 and Se = -9.82, can be understood from fig. 
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Table 2A.4 


Resonance positions as given by the various resonance 


recognition criteria 


Single channel problem as R and b=" 7/7 352). 


Re D Max |F| 
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Table 2A.5 

Resonance positions as given by the various resonance 
recognition criteria 

Two channel problem Hs = 16, git =D Os Bek : 


b = 13.2. 


Re det[D]=0}Max Im F Max |F| Max vel F |Min n 


Siy or between Ep between es between be between Ee between 


Dec Dee) 5.0 awe 
Cee? Ba) Om.0 eo) 7.4 ~ 
8.6 8.6 8.8 
8.8 SraG 92.0 = 
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cigalth eheeah 

defined defined 31.20 36.0 

: : Ls 

-9.82 aes It Reis, Aa eats) eS 

ON? Ore, AW Oey) LOu7 

—33.34 OG 10.9 10.9 10.9 


Note: The appellation "ill defined" means that the data in 
in this case does not show a well defined maximum. . This 


can be seen from fig. 2A.3. 
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B. S-wave sCauclening from an exponential povential 
This model is specified by 


V(r) *=te% ’ G"SFo! « [2B.1] 


In this model we have looked at two types of 
resonances. The first type of resonance is generated, 
surprisingly, by a highly repulsive potential. If the 
potential is sufficiently repulsive the phase shift 
PassesecLirougn=-9O. from above, (But as the phase shire 
Nase LOC CULN MLO, LOK kK? + © (this will not be true 
for a hard core - but we do not have a hard core) it will 
cross -90° from below at some energy ae This phase 
shift has all the features of a resonance i.e.,, it satis- 
fies the resonance criteria set out in eqs. [1.28] and 
[Pe29)|.e Lteiseclear that there being no-centrifugal 
barrier one would not be able to generate resonances 
with an attractive potential. 

The second type of resonance studied here is one 
which is a bound state of channel 2 in the continuum of 
channel I but appears, through the unterchannel coup!— 
ing, aS a resonance in channel l. 

Before looking at the two models that we want 
to study, let us evaluate the integrals [1.84] and 


[1.85] to ger the G, functions for a séparable expon- 


es 


ential potential in s-wave. Using eq. [1.73] one gets 
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The following graph shows the resonance regions 
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Bound states region 
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is as sketched below. 
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Behaviour of the phase shift with respect to the energy 


x indicates the 


meSOnMavcer. 


Since § crosses -1/2 from below, a resonance is 
possible for 941° 16m? and (k/m) 7 > 3. As it has al- 
ready been said, it is somehow surprising to find an 
S-wave resonance for the exponential potential and the 
question which immediately arises is, how good will the 
resonance recognition criteria be in this case? 

To answer that question we have looked at a par- 
ticular potential, qi 5 18m°, for which the previous 
study has established the existence of a resonance. 
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Since from [2B.14] (Kpy/m) * must be greater than 3, 
the resonance position is at (p/m) = Sie The 
resonance recognition criteria give the following 


results (see table 2B.1). 
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Notice that the velocity of F in the Argand 
diagram does not show a maximum. It was emphasized 
that this resonance is produced by a large repulsive 
potential and therefore the mechanism of production is 


somewhat unusual. 
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Two channel problem 


Study of a resonance induced in the first channel 
by the presence of a bound state in the second channel. 

It is possible to induce a resonance by coupling 
one channel to a second already supporting a bound 
state. This is a new type of resonance, namely one 
produced by the coupling mechanism between two channels 
and it is worthwhile to test the resonance recognition 
Cubtecria if this model, Since tte will Nelp us*tominter— 
pret the results and because it happens to give simple 
mathematical expressions, the variation in position and 
width of the resonance with respect to the value of the 
interchannel coupling strength Gas will also be studied 
analytically. 
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SS = yiat lees sed UG SR a ae [2B.18] 
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We now couple this second channel to the first 
and look for resonances. For simplicity we will let 
9117 (OP G55 is chosen to satisfy eq. [2B.18]. From 
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since for small enough interchannel coupling strength, 
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results appear in table 2B.2. 


Variation of the position and width of the 
resonance with respect to the coupling parameter agit 
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Hence for small as the resonance width increases 
with increasing value of ee It is shown in Appendix 1 
that this conclusion is borne out in the special case 


studied. 
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Resonance positions as given by the various resonance 
recognition criteria and as defined by Re det[D] = 0. 
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C. P-wave scattering from an exponential potential 


Contrary to the S-wave resonances the P-wave 
resonances are generated by the more "conventional" 
means of the trapping mechanism provided by the 
centrifugal barrier. In this section a model has been 
set up for the P-wave resonances and the resonance 
recognition criteria have been tested. 

This model Vis studied in va similar way as was" 
the 6-function S-wave model (section 2A). Some poten- 
tial strengths J) are determined such that resonances 
are forced in the single channel case. This channel is 
then coupled to a second one for which the threshold 
energy is so chosen that some of the resonances are above 
and some below the inelastic threshold (ko/m) *. The new 
positions of the resonances are found and the resonance 
recognition criteria are tested for both the single and 
the two-channel problems. 


The model taken is specified by 
virt)k=' ¢ 7, Bilacel [2031] 


As it will be seen, the expression for the Fii matrix 
element is far more complicated in the P-wave than in 
the S-wave case so that the problem had to be programmed 


on the computer even for the single channel calculations. 
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Let wusvevallatemtnesintegqvalse| lo o4) sandmabloo | 
for the Gig functions for the special case which is now 
ind Cigectud yi. 
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Ryzhik 1965) 
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The hypergeometric function [2C.2] can also be expressed 


in terms of elementary functions. One gets 
k. 
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Since the function Re G1 (k/m) (see eq. [2C.3]) is dif- 


ficult to handle, the computer was used to evaluate it 


2 
for some k” values over an energy range starting at k7=0. 
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We have plotted m Re G vs (k/m) * in figure; 2C.12) As 
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the function is always negative it implies that the 
eq. [2C.7] will have a solution only for negative Si. 
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From eqs. [2C.6] and [2C.8] we have 


r Im 6.4) 
3) = a ane and sfromseq. [20.2] °im Gii< Get S2C7 94 
iol SS TST be 
we 


This implies that d Re G1,/dE < 0 and it is the smaller 
k? Which wir solve leq. | 26. /1 cor 91, <9, which will 
be the resonance energy. 
One can also check that the phase shift has the 

right behaviour by looking at (k/m) > Cotgio. 
k, 3 k 
euDea (a) Soe Shige G14 SG)? 
aati. eens -4 3 2 

k2+0 ~"911 /k k 


2ans i) 
k2>0 > Ce 2Fy (5125507 (F) ) 
9m 


k R 


ae! oe 
(), 1 cotg ne (7) 
k<>0 


Sse eee 
eon 


9m? 


cae | .. BV; 12 of acct inte 
os tac ake 4£ svidspon ayewls zt aodzomu? ¢ 

+ppP ovitsped +03 ying soisuioe 5 over ifiw [¥.98] pei 
sft to asuisv owt tsa9 mwond ef ti 1,98 omupkt mort 

xX xeffsme odd ro? ,;,9 9A omse of? ovip Lhiw. yezeds 
0 < SaB\, 5a b JH maint sft xot bas 0 > SB, 3 eA Bb . 
esulsv ows ceodt to sao toidw saimuctob Lliw (8.98) pl . 
-Verene sonsaozsx siz od iliw | 


avai ow (8. os) bis [9.98] .ape einai a) 


| bude 2 mt 
{@.98) . 0 >? mi ,{&.98).ps mor? brs —o 


asiisme sit ei ti Sas O> ab\; 2 ef b tsnis eeblqmi etaT 
Ohiw doitw .0> pe to? [0.08] ps ovEoe Liaw aekie Sy 
-Yexsns sonsigaet od? ed 


ois eed Fists ne eat tsd3 xAosdo oals 159 9n0 Si or 


«4 ptos © Cm) 36 patAtool yd woiveded sols 


86 


B 
Hence (k/m)~ cotg 6 starts positive and one has: 


3 
(A) cotg 6 
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= ia 


and this implies the following behaviour for §: 
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This would be the graph for one bound state 
N= 1, but the results would be the same for any number 
Of bound States, including N = 0. From this graph, 
one can see unambiguously that there is a resonance 
She Ggelate; cecletche, PAsvaes lope Wy4e. FAs srlepe Jii< 0. From figure 
2C.1 we have thus chosen four energy values and have 
found the corresponding Re G4 (k/m) such that there 
would be a resonance in the single channel case. The 
choice of those energy values was made keeping in mind 
that some of the resonances should be below and some 
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problem. The value of the coupling strength Jj was 
Ciena loulaleCOmnELomsedsm|2C./)] , thats: | 

it 


lei al ae 
BO Git be 
for those chosen values of (k,/m) *. The results obtained 


are as follows (see table 2C.1). 
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Two channel problem 


Once the interchannel coupling. is.switched.wzon, 
he # 0, the resonance position is given by the solution 
of the equation (see eq. [1.93]) 

k k k 
ni 5 a t Sash ps 
AER TRIES a Sars es US at ree BN ee me) 


ee us 


where G4 (ky /m) and Go, (k,/m) are -+given'in +eqs'. =[2C.2] 
ana 2CH3)) ¢ S55 issetrvequal to'Vzero Jfor *simplicrty. 

The threshold energy was so chosen that some of the 
resonances were generated below the inelastic threshold 
and some above it, so that the resonance recognition 
criteria could be tested for both these situations. The 
value (g,5/m3j=1.2 was taken as the interchannel coupling 
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strength. 
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As previously, the resonance energy and width 
ave found for the single and the two channel cases 
(wablese2C.2 ana 2C so) ana cables *2CG.4. and 2C.5) . 
Tie resonance recognition criteria are tested for, the 
model (tables 20.6, 2C.7 and 2C.8). Because the n 
criterion was ill defined for (g,5/m?)* =pl.2, Cue co 
a weak inelasticity (n not much different from 1), 
the value of the interchannel coupling strength was 


increased for some of the calculations (tables 2C.3, 
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Table 2C.2 


Resonance positions defined by Re det[D] =0. 
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Table 2C.3 


Resonance positions defined by Re det[D] =0 
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Resonance widths defined by eq.[1.31] 
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Table 2C.5 


Resonance widths defined by eg. [1.31] 


For the two channel case (k/m) = .005 
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Table 2C.6 


Resonance positions as given by the various resonance 


recognition criteria 


Single channel problem ER 
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Table 2C.7 


Resonance positions as given by the various resonance 


recognition criteria 


re 2 
E, = (k,/m) : 


det [D] =0 


between 


vie 
defined 


og la 
defined 


Note: In the ill defined cases n decreases slowly with 


energy without displaying a minimum. 


cae 


= Sin) bas S.L 28 (Em\g 0) mefdota Deneaaiba ow? edt 30% 


Chin. es goa 


| 0 » 


beniisbh 


of. =*(m\.a) Bae S.t=" (fing pe) moldorg Lonnsdo ows edd ag 


titiw yfiwole aseseineb (| eeeso bontieb [fi edd of 
tuminim s paiystqelb suodsiw ypze 


96 


Table 2C.8 
Resonance positions as given by the various resonance 


recognition criteria 


For the two channel problem (k /m) “=.005. a 2 isan 
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Summary 
The resonance recognition criteria were tested 
in three different models with potentials Nig nhs y= 


giavir)v(r'), 


A. vir) e=. 6(r-a) , S-wave 
B. v(r) =e ™ , S-wave 
Ge Wir) ="en.e , P-wave . 


In each of the above three cases exact solutions 
were) obtained, for the. scattering, amplitude. Resonances 


were produced by different mechanisms listed below: 


ae §(r-a), S-wave 
i) 311°? 0, trapping mechanism provided by the 
potential barrier. 
2) 911< 0, standing wave produced by the double 
velocity change occurring at the sharp edges 


of the potential. 


-mr 
B. e , S-wave 


1) Sufficiently repulsive potential in the first 
channel (g34> 0) such that the phase shift 
crosses -90° at some energy and crosses -90° 
again while returning to zero value for large 


energies. It is the second crossing of 6= -90° 


line which has all the properties of a resonance. 
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2) Bound state in the second channel seen in the 
first channel as a resonance, through inter- 


channel coupling. 


—mr 
ile e , P-wave 


i.) Si <0 trapping mechanism provided by the 


centrifugal barrier. 


For each one of the above cases the values of 
Im Fj, IFiyl- vel F,, and n (where applicable) were 
obtained both for the un-coupled and the coupled cases. 


The resonances were then identified through the criteria 


ay) max Im Fii 
ii) max Liga 
112) Ymaxeveler 


PVMeMin Ci. 


The resonance energy was then compared with the 
theoretically defined location of resonance, namely, 
Re det[D] = 0. “The plots of Im F,,, Foils vel Es 4 
and n as functions of energy signalled presence of 
resonances through their maxima or minima, as the case 
May be. ihe Tocations or the resonances were read out 
from the computer printouts of these quantities. The 


results can be summarized as follows. 
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Max Im F), and max |F,,| 

The similarities between these two criteria render 
it simpler to discuss them both together. One should 
recall that those criteria are exact for resonances 
lying below the inelastic threshold. For resonances 
lying above the inelastic threshold they are also very 
good in all the cases studied if the "ill defined" 
case of table [2A.5] is excepted. 

The relative failure of these criteria in showing 
the resonance in certain cases, especially in the 6- 
function model, can be understood from the fact that 
and |F 


the functions Im F are bounded by unitarity. 


ai 11! 
Because the partial wave amplitude happens to have 
reached its unitarity bound very near the resonance 
energy, the two successive maxima overlap and the reson- 
ance recognition is difficult (see figure 2A.1). Above 
the inelastic threshold this problem still exists (see 
figuref2aA .3)% 

Even though the precision with which the results 
are presented is not high enough to allow us to dis- 
criminate between these two criteria, the last cases 


of tables 2A.5 and 2C.7 seem to suggest some differences 


in the resonance energies determined from each of them. 
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Max vel Foi 


The velocity criterion appears to be working 


well only for the few cases where Im F and Foil 


a 
show very sharp resonance peaks, independently of 


the particular model considered [see table 2A.5 


(g}, = -9.82, -33.34), table 2B.2 (g?,/m°?= 1), table 
2C.8 (g,,/m> = -10.420, -10.129) and the corresponding 
figures]. The energy parameter determined by the 


velocity criterion is otherwise usually farther away 
from the exact energy value than the energy produced 


by the Im F and Fi! criteria; ‘this “is “of course 


Li 
even more so for the single channel problem. 

For the §6-function model, there does not seem to 
be any definite trend for*“the velocity.criterion to 
produce resonance energies always higher or always lower 
than the exact ones, but the shift in resonance energy, 
when it exists, remains on the same side of the exact 
value for both the single and the corresponding two 
channel case (see tables 2A.4 and 2A.5). For the two 
channel exponential S-wave model, the energies produced 
are always higher than the exact ones and the discre- 
pancy seems to grow with g*/m° (see table 2B.2), while 
for the exponential P-wave model the energies are always 
lower than the exact ones (see tables 2C.6 and 2C.7). 
Again the same observation on the energy shift can be 


made for the P-wave model as for the é6-function model. 
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The velocity criteria, on the other hand, turns 
out to be very good at signalling the presence of 
resonances. The fact that it relies on the behaviour 
of an unbounded function could explain the presence 
of sharper peaks in vel F,, than in Im F,, and IFial- 
This is particularly true of the P-wave case. However, 
it must be remembered that in one of the cases studied, 
namely the S-wave problem with an exponential potential, 
the velocity criterion failed completely. The.total 
absence; Of. anyepeCaks ing thes velocityaploti ofl fagurerZB.1 
can be explained from the fact that the partial wave 
amplitude is almost constant in energy for this case. 


But it must be remembered that the velocity criterion 


will always fail in similar situations. 


Min n 

The n criterion works usually well for the P-wave 
problem (see table 2C.8) but it seems to indicate 
slightly higher resonance energies than the max Im Foi 
and max Fai! criteria. eREvenghi sourynesul tsmanefnot 
precise enough to determine which one is the best of 
these three, they do indicate that the n criterion might 
be better than the velocity criterion. 

For the §6-function model, the resonance energy 


produced by the n criterion is much too high in one of 
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the cases (see table 2A.5, S415 16.94), however, it 
is nearer to the exact value than the resonance energy 
determined from the velocity criterion. It should be 


noted that the max Im F and max criteria also 


ll Fiyl 


feat eins this particular cases (table 2ZAL5:; = 16.94). 
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Looking at the same table 2A.5 it can be seen that, 
ial @ fr Si = -33.34, the resonance energy produced is 
slightly too low and comparable to the one determined 
by the velocity criterion. 

ity isealso-obvious) that. torucmatwinelasticity 
the n criterion will fail, as was the case for some 
of the P-wave problems (see table 2C.7). Needless to 


say this criterion is also restricted to resonances 


lying above the inelastic threshold. 


As far as the Argand diagrams are concerned, they 
turn out to indicate systematically the presence of 
resonances without any failure; but it must be remem- 
bered that the facility with which they can be used to 
identify resonances in the models studied comes from 
the fact that the resonant circles are not very much 
distorted, which is not always the case for diagrams 
produced from phase shift analyses of experimental data. 

Considering the overall™ problem, at 1s very dif— 
fic LeptoOr point, OUt ether bestecri terion.) efor “sharp 


resonances, all four criteria work usually well (see 
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figures 2A.4, 2A.6, 2C.7, 2C.10 and the corresponding 
tables). The velocity criterion was the best one for 
showing the presence of resonances although it failed 
in one case (see figure 2B.1); it did not seem to be 
very good in producing the resonance location which is 


moOnewaccurately givensby. the max. in and max Foul 


11 
Grivceria. Ut 16 dittiacule, to draw conclusions from 
our results on the min n criterion and the question 


remains open whether it could turn out to be convenient 


for locating highly inelastic resonances. 
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Hence ar/ag‘, > 0 and the resonance width increases 


with increasing value of ase in the special case studied. 
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Evaluation of the integral 
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In order to evaluate this integral let us write 
t= | $F am [6] 


and calculate dI/dm. 
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in [7],the integrals can be split into the following ones: 
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Each one of these indefinite integrals can be evaluated 
easily with the help of standard tables (see for example 
Gradshteyn and Ryzhik 1965). 


Using the relations 
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Substituting [8] in [6], and performing elementary cal- 


culations this yields: 
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To integrate the last term of eq. [9], let us write 
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where L(x) is the Lobachevskiy function. 
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